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ROTATIONAL SYMMETRY OF RICCI SOLITONS IN 
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Cd I This is a sequel to our earlier paper [3], in which we proved a uniqueness 

theorem for the three-dimensional Bryant soliton. Recall that the Bryant 
soliton is the unique steady gradient Ricci soliton in dimension 3, which is 
^\j ' rotationally symmetric (cf. [1|). In [3], we showed that the Bryant soliton 

1> • is unique in the class of K-noncollapsed steady gradient Ricci solitons: 

o _ 

C""^ I Theorem 1.1 (S. Brendle [3]). Let {M,g) be a three-dimensional complete 

steady gradient Ricci soliton which is non-flat and K-noncollapsed. Then 
{M, g) is rotationally symmetric, and is therefore isometric to the Bryant 
soliton up to scaling. 



Abstract. Let (M, g) be a steady gradient Ricci soliton of dimension 
n > 4 which has positive sectional curvature and is asymptotically cylin- 
drical. Under these assumptions, we show that (M, g) is rotationally 
symmetric. In particular, our result applies to steady gradient Ricci soli- 
tons in dimension 4 which are K-noncoUapsed and have positive isotropic 
curvature. 



1. Introduction 



Theorem 11.11 resolves a problem mentioned in Perelman's first paper p^. 

In this paper, we consider similar questions in higher dimensions. We 

will assume throughout that (M, g) is a steady gradient Ricci soliton of 

/\ . dimension n > 4 with positive sectional curvature. We may write Ric = D^f 

j^ I for some real- valued function /. As usual, we put X = V/, and denote by 

$i the flow generated by the vector field —X. 

Definition. We say that (M, g) is asymptotically cylindrical if the following 

holds: 

(i) The scalar curvature satisfies ^. ^ ^ < R < ^, ^ -, at infinity, where Ai 

and A2 are positive constants. 

(ii) Let Pm be an arbitrary sequence of marked points going to infinity. 

Consider the rescaled metrics 

5("^)(t)=r-icl>;^,(5), 
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where rmR{pm) = ^^ + o(l). As m — ;> oo, the flows (M, g(")(t),pm,) 
converge in the Cheeger-Gromov sense to a family of shrinking cylinders 
(5"^^ X M.,-g{t)), t G (0, 1). The metric g{t) is given by 

(1) g{t) = {n-2){2-2t)gsn-i+dz0dz, 

where gs^-^ denotes the standard metric on 5"~^ with constant sectional 
curvature 1. 

We now state the main result of this paper: 

Theorem 1.2. Let {M,g) be a steady gradient Ricci soliton of dimension 
n > 4 which has positive sectional curvature and is asymptotically cylindri- 
cal. Then {M,g) is rotationally symmetric. 

Theorem 11.21 can be viewed as a higher dimensional version of Theorem 
II. 1[ It is motivated in part by the work of L. Simon and B. Solomon [13], 
which deals with uniqueness questions for minimal surfaces with prescribed 
tangent cones at infinity. 

Theorem 1 1 . 2 1 has an interesting implication in dimension 4: 

Theorem 1.3. Let {M,g) be a four- dimensional steady gradient Ricci soli- 
ton which is non-flat; is K-noncollapsed; and satisfies the pointwise pinching 
condition 

maxjas, 63, C3} < A min{ai + 02, ci + C2}, 
where ai, 02, ci, C2, 63 are defined as in Hamilton's paper [TO] and K>\ is a 
constant. Then (M, g) is rotationally symmetric. 

We note that various authors have obtained uniqueness results for Ricci 
solitons in higher dimensions; see e.g. [5], [6], [7], and [^. Moreover, T. Ivey 
[llj has constructed examples of Ricci solitons which are not rotationally 
symmetric. 

In order to prove Theorem 11.21 we will adapt the arguments in p]. While 
many arguments in |3j directly generalize to higher dimensions, there are 
several crucial differences. In particular, the proof of the roundness estimate 
in [2] is very different than in the three-dimensional case. Moreover, the proof 
in [3j uses an estimate of Anderson and Chow [1] for the linearized Ricci 
flow system. This estimate uses special properties of the curvature tensor 
in dimension 3, so we require a different argument to handle the higher 
dimensional case. 

2. The roundness estimate 

By scaling, we may assume that R + |V/p = 1. Since i? — )• at infinity, 
we can find a point pq where the scalar curvature attains its maximum. Since 
(M, g) has positive sectional curvature, the Hessian of / is strictly positive 
definite at each point in M. The identity V-R(po) = implies V/(po) = 0. 
Since / is strictly convex, we conclude that liminfp^oo J \ > 0. On the 
other hand, since |V/p < 1, we have limsupp_^o^ Jv v) ^ '~^' 
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Using the fact that {M,g) is asymptotically cylindrical, we obtain the 
following result: 

Proposition 2.1. We have f R = ^ + o(l) and /Ric < (5 + o(l)) g. 
Moreover, we have /^Ric >cg for some positive constant c. 

Proof. Since {M,g) is asymptotically cylindrical, we have AR = o{r~'^) 
and |Ricp = ^^^ R? + o{r~'^). This implies 



-(X, VR) = AR + 2 |Ricp = -^— R^ + o{r-^), 



hence 



■d ' 



''■^[R-—if^>=''^'> 



Integrating this inequality along the integral curves of X gives 

-;^ / = otr), 

R n-1-' ^ '' 

hence 

Moreover, we have Ric < (^^^ + o(l)) Rg since {M,g) is asymptotically 
cylindrical. Therefore, /Ric < (2 + o(l)) g. 

In order to verify the third statement, we choose an orthonormal frame 
{ei, . . . , Cn} such that e„ = j^. Since {M,g) is asymptotically cylindrical, 
we have 

Ric(ei,e,) = r-Rfc + o{r~^) 

n — 1 

for i,j G {1, . . . ,n — 1} and 

2Ric(ei,X) = -{ei,VR) = o{r-'l). 
Moreover, we have 

2Ric(X,X) = -{X,VR) = Ai? + 2|RicP = ^— R^ + o(r-^). 

n — 1 

Putting these facts together, we conclude that Ric > cR? g for some positive 
constant c. From this, the assertion follows. 

In the remainder of this section, we prove a roundness estimate. We begin 
with a lemma: 



Lemma 2.2. We have Rijki d^ f = 0{ 



3, 
r 2 



Proof. Using Shi's estimate, we obtain 



Rijki d f = DiRicjk - DjRicik = 0{r' 



This proves the assertion. 
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We next define 

T = {n - l)mc - Rg + Rdf df. 
Note that 

tr(r) = -i?2 = 0{r-^), 

T{Vf, ■) = {n- 1) Ric(V/, •) -R^Vf = O(r-i), 
T(V/, V/) = (n - 1) Ric(V/, V/) - i?2 |v/|2 = 0(r-2). 

3 

Proposition 2.3. We have \T\ < 0{r~2). 

Proof. The Ricci tensor of (M, g) satisfies the equation 

n 

ARicife + Dx^iCik = -2 ^ iJij-nRic^'- 

Moreover, using the identity AX + DxX = 0, we obtain 

A(i?5ife - Rdifdkf) + Dx{Rg^k - Rdifdkf) 
= {AR + {X,VR)) {gik - difdkf) + 0{r-i) 
= -2 |Ric|2 (5,fc - difdkf) + 0{r-i). 

Using Lemma 12.21 we conclude that 



n-l 



AT,k + DxT.k = -2 X] RijkiT^^ -2Rmci 

+ 2\Ric\^ {gik -difdkf) + 0{r-i), 
hence 

A(|T|2) + (X,V(|r|2)) 

n— 1 n 

= 2 |L»r|2 - 4 J]] /?ijfc, T''' T^' - 4 i? ^ Ricifc r*^ 

j,l=l i,k=l 

n 

+ i\Ric\' ^ {gik -d,fdkf)r' + 0{r-l)\T\ 

i,k=l 

n—1 , 

= 2 IDTP - 4 V Riiki T^ T^' R |T|2 

^-^ n — 1 

+ 4 (|Ric|2 - -— ^ i?2^ J^ (5,, - 9,/ 9fc/) r^ + 0{T-i) \T\ 



.,k=l 
n-1 

> -4 ^ Rijki T^ T^^ - ;^ R |r|2 - O(r-i) |r| - 0{r 
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Since (M, g) is asymptotically cylindrical, we have 

Rijki = 7 TTT ^ R i9ik - dif dkf) {gik - dif dkf) 

[n — l)[n — 2) 

R {gu - dif dif) {gjk - djfdkf) 



(n-l)(n-2) 
near infinity. This implies 

n— 1 ^ 

Y, R.^mT'^T^^ = -j^—-^^^^-^^R\T\' + 0{r-l)\T\+o{r-')\T\^ 
hence 

A(|r|2) + (x,v(|r|2)) 

> -r^Tv^ ^ 1^1' - o{r-') \Tf - 0(r-l) \T\ - 0{r-% 
[n — l)[n — 2) 

We next observe that |Z?xRic| < 0{r^'^) and |D^;^Ric| < 0{r^^). This 

implies |-Dx^| < 0(r^^) and \D'j^ -^Tl < 0{r~2). From this, we deduce 
that 

As(|r|2) + (x,v(|r|2)) 
> _^(!i^ /-I |r|2 _ oir~^) |r|2 - o(r-f ) |r| - o(r-4), 

n — 2 

where As denotes the Laplacian on the level surfaces of /. Thus, we con- 
clude that 



AE(r|T|2) + (X,V(/2|r|2)) 

> -^— f irP - o(r) irP - 0(r-^) \T\ - ©(r"^) > -0{r 
n — 2 

outside some compact set. Since /^ |T|^ — )• at infinity, the parabolic max- 
imum principle implies that /^ |Tp < 0{r^^). This completes the proof. 

In the following, we fix e sufficiently small; for example, e = innr.^ will 

1 3 QOp 

work. By Proposition \2.3\ we have \T\ < 0(r2("-2) 2 y Moreover, it 

follows from Shi's estimates that \D"^T\ < 0{r 2~) for each m. Using 

standard interpolation inequalities, we obtain \DT\ < 0(r2("-2) ). Us- 

ing the identity 

D'^Tik = "^ diR + (V/, VR) dif + R^ dif + R mc\ 8^ 
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we conclude that |V-R| < 0{r^'-"-^^ ). This impHes 

iDRicI < 0{r^(^''^'^^''). 
Using standard interpolation inequalities, we obtain 

Proposition 2.4. We have fR = ^ + 0(r^T^^^ 2 *^). 

Proof. We have 

-{X,VR) = Ai? + 2|RicP = -^— R^ + 0(r^(^'^'^'), 

n — 1 



hence 



^■^(:s-;7^^)) = ''<'-'^"'""'' 



Integrating this identity along the integral curves of X, we obtain 

H n — 1 
From this, the assertion follows. 



Proposition 2.5. We have 

f Rijki = ^, _ ^s {g-ik - difdkf) {gik - difdkf) 

' a - dif dif) {gjk - djfdkf) 



2{n-2) 

_j_(9(^2(n-2) 2 '''^)_ 

Proof. It follows from Proposition 2.10 in [2j that 

-DxRijki = Dl^.Ricji - DliRiCjk - Dlf^Ricu + D|,Ricjfc 

n n 

+ 2_^ Ric™ Rmjkl + 2_^ Ric™ Rimjkl- 
m=l m=l 

Using Lemma 12.21 and Proposition 12.31 we obtain 



n ^ n 

Y, Ric Rmjki = ^—^ R J2 ('^r - dif a™/) R^jki + o{ 



_5, 
f 2 



m=l m=l 



n — 1 
Thus, we conclude that 



RRijki + 0{r i). 



-DxRijki = TRR^Jkl + 0(r2("-2) 2" 

n — 1 



-8£n 
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hence 

\Dx{fR^Jkl)\ <0{r^(^=^ 2 8^). 
On the other hand, the tensor 

Sijki = ^, _^x {gik - dif dkf) {gik - dif dkf) 
{gu - dif dif) {gjk - djfdkf) 



3 , 



2(n-2 
satisfies 

\DxSijki\ < 0{r-^2). 
Putting these facts together, we obtain 

\DxifRijki - Si,M)\ < 0(r^I^-^-'"). 

Moreover, we have \f Rijki — Sijki\ — >• at infinity. Integrating the preceding 
inequality along integral curves of X gives 

\fRijki-Sijki\<0{r^i^-^) 2 8^), 
as claimed. 

Let now pm = 2™ and S^ = {/ = Pm}- It follows from Proposition 12.51 
that the sectional curvatures of the manifold (Smj 2( -21 — ^) ^^^ given by 



1 1 



'8£, 



1 + 0{pm" ^' ^ )• Moreover, the covariant derivatives of the curvature 
tensor of (Sm, 2(n-2) — ^) ^^^ uniformly bounded. Consequently, there exists 
a Riemannian metric 7m on S^ such that (Sm,7m) has constant sectional 
curvature 1 and 



1 

2(n - 2)pm 



C'(S™,7™) 



<c(/)pI^"^"'^ 



Arguing as in [3j , we can construct a collection of approximate Killing vector 
fields: 

Proposition 2.6. We can find a collection of vector fields Ua, a € {1, . . . , "2" >' 
on {M,g) such that \^Ua{g)\ < 0(r2(^^^"^^) and \l\Ua + DxUa\ < 
Q(j2{n~2) Y Moreover, we have \Ua\ < 0{r^) and 

{Ua, Uh) = r^ {Sab + 0{r^^-^^'^')) 

{f=r} 

if r is sufficiently large. 

The proof of Proposition 12.61 is analogous to arguments in [^; we omit 
the details. 
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3. An elliptic PDE for vector fields 
Let us fix a smooth vector field Q on M with the property that \Q\ < 
Q(^j.2(n-2) ^_ -^g -^i^i show that there exists a vector field V on M such 

that Ay + DxV = Q and \V\ < ©(r^I^^^^^^). The following estimate 
follows directly from results in [3]: 

Proposition 3.1 (cf. [3J, Proposition 5.1). Let V be a smooth vector field 
satisfying AV + DxV = Q in the region {f < p}. Then 

-2e 



sup \V\ < sup \V\ +5p2(n-2) 

{f<p} {f=p} 

for some uniform constant B > 1. 

As in [3], we choose a sequence of real numbers pm ^ oo. For each m, we 
can find a vector field l/^™) such that AV^^^ + DxV^"^^ = Q in the region 
{/ ^ Pm} aiid y^™) = on the boundary {/ = Pm}- We now define 

A('")(r) = inf sup |y(™)-AX| 

for r < Pm- 

Proposition 3.2. Let us fix t £ (0, g) sufficiently small. Then we can find 
a real number po and a positive integer tuq such that 

for all r £ [pQ, pm] and all m > mg. 

Proof. We argue by contradiction. Suppose that the assertion is false. 
After passing to a subsequence, there exists a sequence of real numbers 
i^m < Pm such that Tm — >• oo and 

for all m. For each m, there exists a real number Am such that 

sup |y("^)-AmX|=A(™)(rm). 

Applying Proposition 13.11 to the vector field V^"^> — Am X gives 

sup \V^"'^-XmX\< sup IV^""^ -XmXl+BrT^'"^' 

{f<r^} {f=rm} 

We next consider the vector field 

y^'") = ^ (y(™) - Am X). 
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The vector field y("^) satisfies 

-2e 



(2) sup |yM|< -^ (r^) + Brm^ ^^ 

and 

inf sup |t>(™) - AX| = ^ inf sup jF^™) - AX| 



(3) 

Let 
and 






^('"H^m)+r. 



2(n-2) 



1 _^ 

> _T-2(n-2) 

- 2 



iMr^^ =r--ld>* 



g^™^(t)=r-^C ,(5) 



Note that the metrics g^"^'{t) evolve by the Ricci flow. Moreover, the vector 
fields V^"^'{t) satisfy the parabolic equation 



dt 
where 



|^y(")(t) = A^(„)(,)yM(t) + Ric^(„)(,)(y('")(t)) - Q('")(t), 



3 



Using ([2]), we obtain 

limsup sup sup 1^ (Ols('")(t) < °*^ 

m^oo te[<5,l-<5]{r^-5-iv^»v:</<r™+5-iv^rv:} 



for any given 6 G (0,^). Moreover, the estimate \Q\ < 0{r'^^"- 
implies that 

limsup sup sup \Q {i)\g(m){t)=^ 

for any given 6 G (0, ^). 

We now pass to the limit as m — t- oo. To that end, we choose a se- 
quence of marked points pm G M such that f{pm) = fm- The sequence 
(M , g^"^) (t) , Pm) converges in the Cheeger-Gromov sense to a one-parameter 

family of shrinking cylinders (S""^ x ]R,^(t)), t G (0, 1), where g{t) is given 

1 
by ([I]). Furthermore, the rescaled vector fields r^X converge to the axial 

vector field ^ on 5"^^ x M. Finally, the vector fields V^"^>{t) converge to 
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a one-parameter family of vector fields V{t), t G (0,1), which satisfy the 
parabolic equation 



(4) 



^y(t) = A^(i)y(t) + Ric5(,)(y(t)). 



As in [3], we can show that V{t) is invariant under translations along the 
axis of the cylinder. The estimate ([2]) implies 



(5) 



\Vit)\g^t)<B, 



where i? is a positive constant that does not depend on r. Finally, using 
the inequality ([3]), we obtain 



inf sup 

'*,.„(^_l)({/=Tr,„}) 



yM(l 



T)-XrlX 



1 



> _-7-2(n-2) 

3(™)(1-t) 2 



hence 
(6) 



— d 

inf sup V{1 ~ t) ~ ^'^ 



> _ -j-2(n-2) 

g(l-r) 2 



We claim that this setup leads to a contradiction if r is sufficiently small. 
Since V{t) is invariant under translations along the axis of the cylinder, we 
may write 

V{t) = m + r?(t) ^ 

for t G (0, 1), where ^(i) is a vector field on S"^^ and r]{t) is a real-valued 
function on S""^. The parabolic equation (j4]) implies the following system 
of equations ^{t) and 7/(t): 

(7) i-Ait) = ,^ ,,^,, ,,, (Asr^^^m + (n - 2) C(t)), 



9r' ' (n-2)(2-2t) 

— ( )- 1 

9t''^*^ ~ (n-2)(2-2t) 

Finally, the estimate (l5|) gives 



(8) 



Ac 



^vit), 



sup |^(t)|(,g„_i < ^1, 

sup \r]{t)\ < Li 



(9) 
(10) 

for each t G (0, g], where Li is a uniform constant that does not depend on 



r. 



Let us consider the operator ^ i— )• — A^n-i^ — (n — 2) ^, acting on vector 
fields on S"~^. By Proposition IA.l( the first eigenvalue of this operator is 
at least 3 — n. Using ([7]) and Q, we obtain 



(11) 



sup |C(t)l5sn-l <L2{l-t) 2(n-2) 
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for all t E [2' 1)' where L2 is a uniform constant that does not depend on r. 
Similarly, using ([8]) and (fTO]l . we can show that 



(12) inf sup \v{t) - X\g^„_, < L3 (1 - t)^(^ 

for each t G [21 1)> where L3 is a uniform constant that does not depend on 
r. Combining (|11|) and (|12|) . we conclude that 



d 



(13) inf sup V^(t)-A— _ <L4(l-t)2("-2 



Sz 



1 



2) 



9(t) 



for each t £ [2^ 1)) where L4 is a uniform constant that does not depend on 
r. 

Therefore, if we choose r > sufficiently small so that t~^ > 2L4, then 
the inequality ([6]) is in contradiction with ()13p . This completes the proof of 
Proposition 13.21 

Proposition 3.3. There exists a sequence of real numbers Xm such that 

sup sup f-2UT^+^ |yM - X^X\ < 00. 
™ {/<pm} 

The proof of Proposition 13.31 is analogous to the proof of Proposition 5.3 
in [3]. We omit the details. By taking the limit as ttt. — )■ 00 of the vector 
fields V^^' — Xm X, we can draw the following conclusion: 

Theorem 3.4. There exists a smooth vector field V such that AV+DxV = 
Q and \V\ < 0(r2(^"^). Moreover, \DV\ < 0{r^(^'^~''). 

4. Analysis of the Lichnerowicz equation 

In this section, we study the equation A^h + ^x{h) = 0, where A^ 
denotes the Lichnerowicz Laplacian: 

Aihik = Ahik + 2 Rijki y^ - Ric- hki - RicJ, hu. 

Lemma 4.1. Let h he a solution of the Lichnerowicz-type equation 

ALh + ^x{h)=0 

on the region {f < p}. Then 

sup \h\ < Cp sup \h\ 
{f<p} {f=p} 

for some uniform constant C which is independent of p. 

Proof. It suffices to show that 
(14) hKCpU sv.v\h\\g 



{f=p} 

for some uniform constant C . Indeed, if (J14p holds, the assertion follows by 
applying (fH|) to h and —h. 
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We now describe the proof of (I14p . By Proposition 12. H we have /^ Ric > 
eg for some positive constant c. Therefore, the tensor Ric— | p~'^ g is positive 
definite in the region {/ < p}. Let 9 be the smahest real number with the 
property that 9 (Ric — | /3~^ g) — his positive semi-definite at each point in 
the region {/ < p}. There exists a point po S {/ < p} and an orthonormal 
basis {ei, . . . , e„} of Tp^M such that 

9 c 
6iRic(ei,ei) - — p"^ - /i(ei,ei) = 

at the point pq. We now distinguish two cases: 

Case 1: Suppose that Po £ {/ < p}- In this case, we have 

6>(ARic)(ei,ei) - (A/i)(ei,ei) > 

and 

0(Z?xRic)(ei,ei) - {Dxh){ei,ei) = 
at the point pq. Using the identity A^^/i + ^x{h) = 0, we obtain 

n 

= (A/i)(ei,ei) + {Dxh){ei,ei) + 2 ^ R{ei,ei,ei,ek) h{ei,ek) 

i,k=l 

n 

< 6'(ARic)(ei,ei) + 6* (i:'xRic)(ei, ei) + 2 ^ i?(ei,ej, ei, e^) /i(ej,efc) 

i,k=l 
n 

= -2 ^ R{ei,ei,ei,ek) (6'Ric(ei, e^) -h{ei,ek)) 

i,k=l 

= —9 ep~'^Ric{ei,ei) 

"^ f 9e 

-2 ^ -R(ei,ei,ei,efc) f 6'Ric(ei, e^) - — p'"^ g{ei,ek) -h{ei,ek] 



i,k=l 



at the point pQ. Since {M,g) has positive sectional curvature, we have 

n n 

^ i2(ei,ei,ei,efc) (6'Ric(ei, e^) - — p'"^ g{ei,ek) -h{ei,ek)] > 0. 



i,k=l 

Consequently, 9 < 0. This implies h < 0. Therefore, ()14p is satisfied in this 
case. 

Case 2: Suppose that Po S {/ = p)- Since /^Ric > eg, we have 

— - < 0p2Ric(ei,ei) - — - = /)^/i(ei,ei) < p^ sup \h\. 
^ ^ {/=P} 

Since h < 9 (Ric — | p~^ (/), we conclude that 



h<Cp'[ sup \h\]g, 
{f=p} 



which proves ()14p . 
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Proposition 4.2. Let h be a solution of the Lichnerowicz-type equation 

on the region {f < p}. Then 

sup f\h\ <Bp'^ sup \h\, 
{f<p} {f=p} 

where B is a positive constant that does not depend on p. 

Proof. As above, it suffices to show that 
(15) fh<Cp^( sup \h\)g 

for some uniforiii constant C . We now describe the proof of (I15p . By Propo- 
sition [2?H we can find a compact set K such that / Ric < (1 — 3 /~^ I V/p) g 
on M \ K. Let us consider the smallest real number 6 with the property 
that 6 /"■^ g — h is positive semi-definite at each point in the region {/ < p}. 
By definition of 9, there exists a point Po £ {/ ^ p} and an orthonormal 
basis {ei, . . . , en} of Tp^M such that 

ef-^-h{euei) = 

at the point pq. Let us distinguish two cases: 

Case 1: Suppose that po ^ {f < p}\K. In this case, we have 

eA{r^)-{i:^h){euei)>Q 

and 

0(X,V(r2))-(Dx/i)(ei,ei) = O 
at the point po- Using the identity A/,/i + ^x{h) = 0, we obtain 

n 

= (A/i)(ei,ei) + {Dxh){ei,ei) + 2 ^ i?(ei,ej, ei, efc) /i(ei, e^) 

i,k=l 
n 

< e A(r 2) + e (X, V(r 2)) + 2 Y, R{ei,e^,ei,ek) h{e,,ek) 

i,k=l 

= -2^/-3 (1 - 3/-1 |V/p - /Ric(ei,ei)) 

n 

- 2 ^ R{ei,ei, ei, efc) {9 f'^ g{ei,ek) - h{ei,ek)) 

i,k=l 

at the point pQ. Since {M,g) has positive sectional curvature, we have 

n 

y^ Riei,ei,ei,ek) {0 f~^ g{ei,ek) -h{ei,ek)) > 0, 

i,k=l 

hence 

< -29/-'' (1 - 3/-! |V/|2 - /Ric(ei,ei)). 
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On the other hand, we have /Ric(ei, ei) < 1 — 3/^^ l^/P since po ^ M\K. 
Consequently, we have < 0. This imphes that /i < 0, and (llSp is triviahy 
satisfied. 

Case 2: We next assume that Po £ {/ = p} U K. Using Lemma WA\ we 
obtain 

9 = fh{ei,ei)< sup /^ |/i| < Cp^ sup |/i|. 

{f=p}UK {f=p} 

Since f'^ h < 6 g, we conclude that 

fh<Cp^( sup \h\)g, 



■ {f=p} 
which proves (fT5]) . 



Theorem 4.3. Suppose that h is a solution of the Lichnerowicz-type equa- 
tion 

wzi/i i/ie property that \h\ < 0(r2("-2) 2 ^_ T/ien /i = ARic /or some 
constant A S M. 

Proof. Let us consider the function 

A{r) = inf sup |/i — ARic|. 

Clearly, A{r) < supij^j.} 1^1 ^ 0(r2("-2) 2 )_ \Yg consider two cases: 

Case 1: Suppose that there exists a sequence of real numbers r^ — )• 00 

such that A{rm) = for all m. In this case, we can find a real number Am 

such that h — A^Ric = on the level surface {/ = rm}- Using Proposition 

14.21 we conclude that h — Am Ric = in the region {/ < rm}- Therefore, the 

sequence Am is constant and /i is a constant multiple of the Ricci tensor. 

Case 2: Suppose now that A{r) > when r is sufficiently large. Let us 

1 1 1 ^ 

fix a small number r G (0, 2)- Since A{r) < 0{r'^("-'^'i ^ ^^ there exists a 

sequence of real numbers rm —)• 00 such that 

A{rm) < 2T^"^(^+'^(rrm) 
for all m. For each m, we can find a real number Am such that 

sup \h — Am Ric| = A{rm)- 

{f=rm} 

Applying Proposition 14.21 to the tensor 



/^^'"^ = ^(/^-A^Ric) 
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gives 



sup |/i(")| <Sr^ sup |/i(")| 

{f=r} {f=rm} 



*" sup \h — AmRic| 



< Brl 



for r <rm- This implies 






(16) sup |/i(")| <B^ 

{f=r} ^ 

for r < Tm, where i? is a positive constant that does not depend on r. 
Moreover, we have 

inf sup l/i*-™^ — ArmRicI = — - — - inf sup l/i — ARicI 

(17) = ^^^^ 

> 

At this point, we define 



1 _^ l-e 

> _ -1-2(71-2) 2 ^ 

- 2 



5('")(t)=r;„i<l>;„,(5) 
and 

A(")(t) = r-ici>;^,(/iM). 

The metrics g^"^' (t) evolve by the Ricci flow, and the tensors h^"^' (t) satisfy 
the parabolic Lichnerowicz equation 

|/z(-)(t) = A^,^(.)(,)/.(™)(t). 

Using (I16p . we obtain 

limsup sup sup |/i'-™-'(t)|^{m)(j) < oo 

for any given 6 G (0, ^). 

We now pass to the limit as 77i — )• oo. As above, we choose a se- 
quence of marked points pm £ M such that f{pm) = fm- The sequence 
{M , g^"^' (t) , Pm) converges in the Cheeger-Groniov sense to a one-parameter 
family of shrinking cylinders {S"'^^ x M,^(t)), t G (0, 1), where g{t) is given 

by dH) • The vector fields Vm X converge to the axial vector field ^ on 
5"~^ X M. Finally, the tensors U~"^'{t) converge to a one-parameter family of 
tensor fields /i(t), t € (0, 1), which solve the parabolic Lichnerowicz equation 

(18) p^it) = /^Lrg{t)m- 
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As in [3j, we can show that h{t) is invariant under translations along the 
axis of the cylinder. Using ()16p . we obtain 

(19) \h{t)\g^t)<Bil-t)-^ 

where B is a positive constant that does not depend on r. Finally, it follows 
from ([H]) that 

1 



> _ -j-2(n-2) 2 
g('")(l-r) ~ 2 



inf sup /i^™-) (1 - r) - A RicQ(m)(i_^) 

hence 

We claim that a contradiction results if we choose r sufficiently small. Since 
h{t) is invariant under translations along the axis of the cylinder, we may 
write 

h[t) = x{t) + dz® cj{t) + a{t) 0dz + fi{t) dz dz 
for t G (0, 1), where xi't) is a symmetric (0, 2) tensor on S""^, a{t) is a one- 
form on 5""""^, and /3(t) is a real-valued function on 5"~^. The parabolic 
Lichnerowicz equation (jlSp implies the following system of equations for 
X(t), a{t), and /3(t): 

P'* l^'W = (n-2)(2-2<) <^--^<*) - ^<" - 1' ^<*»' 

Here, x(*) denotes the trace-free part of x(i) with respect to the standard 
metric on 5""^. Finally, the estimate (J19p gives 

(24) sup |x(i)l9s„-i < N,, 

(25) sup \a{t)\g^„_, < iVi, 

5n-l 

(26) sup |/3(t)| < iVi 

for each t G (0, 2 ] , where A^i is a uniform constant that does not depend on 
r. 

Let us consider the operator x '-^ —^S"-'^X + 2(?t- — 1) X; acting on sym- 
metric (0, 2)-tensors on S^~^. The ffist eigenvalue of this operator is equal 
to 0, and the associated eigenspace is spanned by Qs"-^- Moreover, all other 
eigenvalues are at least n—1 (cf. Proposition lA. 21 below). Hence, it follows 
from (ETl) and (El) that 



n-l 

(27) inf sup \x{t) - Afc-il^sn-i < A^2 (1 - i)^'""^' 
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for all t G [2) 1)) where N2 is a uniform constant that does not depend on r. 
We next consider the operator a 1— )• — A_5n-icr+(n — 2)(T, acting on one-forms 
on S^~^. By Proposition lA.il the first eigenvalue of this operator is at least 
n — 1 . Using (|22]) and (i25]l , we deduce that 



n-l 

(28) suv\a{t)\g <N:,{l-t)^(^) 

5n-l 

for all t G [2' 1)' where N'^, is a uniform constant that does not depend on r. 
Finally, using (p3]) and (p6|) . we obtain 

(29) sup |/3(i)| < Ni 

5n-l 

for all f G [2' 1)' where A'4 is a uniform constant that does not depend on r. 
Combining ([271), (l28|), and ([29]), we conclude that 

1 

2) 2 



(30) inf sup |/i(t)-ARic^(i)U)<iV5(l-t)2("- 



5^ 

for each t G [2) 1)) where N^ is a uniform constant that does not depend on 
r. 

Hence, if we choose r > sufficiently small so that t^^ > 2N^, then the 
inequalities (|20p and (j30p are in contradiction. This completes the proof of 
Theorem 14.31 



5. Proof of Theorem 11.21 

Combining Theorems 13.41 and l4. 31 we obtain the following symmetry prin- 
ciple: 

Theorem 5.1. Suppose that U is a vector field on (M, g) such that \^jj{g)\ < 
0(r2(^^^^~2-2e) and \AU + DxU\ < 0(r2F^^^"^"^^) for some small con- 
stant e > 0. Then there exists a vector field U on {M,g) such that ^jy(g) = 
0, [U,X] = 0, {U,X) =0, and\U-U\ < ©(r^I^""). 

Proof. In view of Theorem 13.41 we can find a smooth solution of the 
equation 

AV + DxV = AU + DxU 

such that \V\ < 0{r^(^'') and \DV\ < 0(r^(^~5-^). Let W = U - V 
and h = ^w{g)- Since W satisfies the equation AW+DxW = 0, the tensor 
h satisfies the Lichnerowicz-type equation 

ALh + ^xih)=0 

(cf. [3], Theorem 4.1). Since \h\ < 0{r^(^'^~^), Theorem g^] implies 
that h = ARic for some constant A G M. Consequently, the vector field 
U ■.= U -V - ^\X is a Kilhng vector field. The identities [U, X] = and 
{U,X) = follow asin [3J. 
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To complete the proof of Theorem[L2l we apply Theorem lS.ll to the vector 
fields Ua constructed in Proposition 12.61 Consequently, there exist vector 
fields Ua,a£{l,..., ^:^^^^}, on {M,g) such that ^o^ig) = 0, [Ua,X] = 0, 
and {Ua,X) = 0. Moreover, we have \Ua\ < 0(r2) and 

{Ua, lib) = r^ {5ab + 0{r^(^-'^-')) 

{f=r} 

if r is sufficiently large. This shows that (M, g) is rotationally symmetric. 



6. Proof of Theorem 11.31 

We now describe how Theorem 11.31 follows from Theorem 11.21 Let {M,g) 
be a four-dimensional steady gradient Ricci soliton which is non-flat; is k- 
noncollapsed; and satisfies the pointwise pinching condition 

maxjas, 63, C3} < A min{ai -|- 02, ci -|- C2} 

for some constant A > 1. In particular, {M,g) has nonnegative isotropic 
curvature. Moreover, since the sum R + |V/p is constant, the scalar cur- 
vature of (M, g) is bounded from above; consequently, (M, g) has bounded 
curvature. 

We next show that {M,g) has positive curvature operator. To that end, 
we adapt the arguments in [10] . 



Lemma 6.1. We have 03 < (6A^ + 1) ai and C3 < (6A^ + 1) oi. 
Proof. Using the inequalities 

Aai + (X, Vai) < -20203 

and 

Aa3 + {X, Vas) > -Cg - 2aia2 - bj, 
we obtain 

A((6A2 + 1) ai - 03) + {X, V((6A2 + 1) ai - as)) 

< a| + 2aia2 + 63 - (12A^ + 2) 0203 

< 03 + 2aia2 + ^3 — 12A 0203 
<al + bl- 3A2 (ai + 02)^ 

Hence, the Omori-Yau maximum principle implies that (6A^ + 1) ai — aj, > 0. 
The inequality (6A^ + 1) ci — C3 > follows similarly. 

Lemma 6.2. We have 46| < (ai + 02) (ci + C2). 
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Proof. Suppose that 7 = sup^^- 



263 



\/(ai+a2y{c7+c^ 



> 1. The function u 



^ V^aaH^^2)(ci-|-C2) satisfies 
Au + {X, Vn) 



< -u 



03 + C3 + 



l + al + bl + bl cl + cj + bj + bj 



+ 



2(ai + 02) ■ 2(ci + C2) 
On the other hand, we have 

A63 + {X, V63) > -&3(a3 + C3) - 26162. 
Putting these facts together, we obtain 

A{-fU-b3) + {X,V{-fU-b3)) 



< 



-^u 



03 + C3 + 



f + a^ + 6f + 6^ cl + cl + bl + bl 



+ 



2(ai+a2) 2(ci + C2) 

+ 63(03 + C3) + 26162 

(ai - 6i)2 + (02 - 62)2 + 202(62 - 61) 



-^u ■ 



2{ai + 02) 



— ju ■ 



(ci- 61)^ + (02-62)^ + 202(62-61) 
2(ci + C2) 
- {-/u - 63) (03 + C3 + 26i) - 261(63 - 62). 

Since 7 > 1, it follows that 

A(7u - 63) + {X, V(7n - 63)) < -3(5 |Ricp 

for some positive constant 5. This implies 

A{-/u - b3 - S R) + {X,V{-fu - b3 - S R)) < -(5|Ric|2. 

Using the Omori-Yau maximum principle, we conclude that ju—b3—6R > 0. 
This contradicts the definition of 7. Thus, 7 < 1, as claimed. 



Proposition 6.3. We have 6| < oici. 



Proof. Suppose that 7 = 
satisfies 

Av + {X, Vv) < -V 



SUPM 



63 



/aici 



> 1. The function v = y/a\Ci 



a\ + 2a2a3 + b\ c\ + 2C2C3 + b\ 



2a^ 



+ 



2ci 
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This implies 

A{-fV-b3) + {X,V{-fV-b3)) 



< 



-jv 



a\ + 20203 + 6f cf + 2c2C3 + h\ 



2ai 2ci 

+ ^3(03 + C3) + 26162 



-7V 



(ai - 6i)2 + 2(02 - 01)03 (ci - 6i)2 + 2(c2 - ci)c3 



2ai 2ci 

- (7^ - ^3) (03 + C3 + 26i) - 261(63 - 62). 

Using Lemma 16.21 and the inequahty 7 > 1, we obtain an estimate of the 
form 

A{-fv - 63) + {X, V(7f - 63)) < -36 iRicp 
for some positive constant 6. From this, we deduce that 

A{-fv - b3 - 6 R) + {X,V {-fv - b3 - 6 R)) < -(5|Ricp. 

As above, the Omori-Yau maximum principle implies that ^v — b^ — SR > 0. 
This contradicts the definition of 7. Consequently, 7 < 1. 

Corollary 6.4. The manifold (M, g) has positive curvature operator. 

Proof. The inequality 63 < oici implies that {M,g) has nonnegative 
curvature operator. If (M, g) has generic holonomy group, then (M, g) has 
positive curvature operator. Otherwise, (M, g) locally splits as a product. 
In this case, {M,g) is isometric to a cylinder, contradicting the fact that 
(M, g) is a steady soliton. 

Note that (M, g) satisfies restricted isotropic curvature pinching condition 
in [8]. Using the compactness theorem for ancient K-solutions in [8j, we 
obtain: 

Proposition 6.5 (B.L. Chen and X.P. Zhu [8]). Let pm be a sequence 
of points going to infinity. Then \{X,VR)\ < 0(1) R^ at the point pm- 
Moreover, if d{pQ,pm)'^ R{pm) — ^ cO; then we have \VR\ < o(l)i?2 and 
\{X,VR) + |i?2| < 0(1) i?2 at the point Pm- 

Proof. This is a consequence of Lemma 3.1, Proposition 3.3, and Corol- 
lary 3.7 in [5]. 

Using Proposition 16.51 it is not difficult to show that i? — )• at infinity. 
Consequently, there exists a unique point po G M where the scalar curvature 
attains its maximum. The point po must be the a critical point of the 
function /. Since / is strictly convex, we conclude that / grows linearly 
near infinity. If we integrate the inequality |(X, V-R)| < 0{1) R^ along 
integral curves of X, we obtain R > m„^^\ outside a compact set, where 
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Ai is a positive constant. Hence, Proposition 16.51 gives |(X, Vi?) + |i?^| < 
0(1) i?^. Integrating this inequality along integral curves of X, we obtain 
R < ^, ^ s outside a compact set. Using Lemma 3.1 in [8] again, we conclude 
that (M, g) is asymptotically cylindrical. Hence, such a soliton must be 
rotationally symmetric by Theorem 11.21 

Appendix A. The eigenvalues of some elliptic operators on 

In this section, we analyze the eigenvalues of certain elliptic operators on 
5"~^. In the following, g^n-i will denote the standard metric on 5""^ with 
constant sectional curvature 1. 

Proposition A.l. Let a he a one-form on S^~^ satisfying 

A^n-icr + /xcr = 0, 

where A571-1 denotes the rough Laplacian and fi G (—00, 1) is a constant. 
Then o" = 0. 



Proof. For any smooth function u, we have 
/ uAsn-i{d*a)= {d{Asn-iu),a) 



{Agn-i{du),a) — {n — 2) / {du,a) 



-(n — 2 + /x) / {du, a) 
-(n — 2 + /i) / ud*a. 



Since u is arbitrary, we conclude that 

A5n-i {d*a) + {n-2 + n)d*a = 0. 

Since n — 2 + // < n — 1, it follows that d*a is constant. Consequently, 
d*(T = by the divergence theorem. 

We next consider the tensor Si^ = Dia^ + D^ai. Then 

(n - 2 - /i) fji = Acjn-ifJi + {n-2)a^ = D'^Stk - - A(tr 5). 
Using the identity d*a = 0, we obtain 

(n-2-/.)/ |a|2=/ (D^s,,-\D,{tTS))a^ = -\j \S\\ 
Subce n — 2 — /i > 0, we conclude that o" = 0, as claimed. 

Proposition A. 2. Let x ^e a symmetric (0,2)-tensor on S^^^ satisfying 
A5"-iX - 2(n - 1) X + /^X = 0, 
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where x denotes the trace-free part of x '^iT'd ^ £ {—oo,n — 1) is a constant. 
Then x ^^ a constant multiple of gsn-i. 

Proof. The trace of x satisfies 

A5n-i(trx)+/x(trx)=0. 

Since /i < n — 1, we conclude that tr x is constant. Moreover, the trace-free 
part of X satisfies 

Asn-ix + {lJ.-2{n-l))x = 0. 

Since fi — 2(n — 1) < 0, it fohows that x = 0. Putting these facts together, 
the assertion fohows. 
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